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Abstract
The non-relativistic D2-brane is treated in the framework of pure spinor formalism.
The fermionic constraints corresponding to the rescaled fermionic coordinates are given.
Two commuting spinor fields are introduced, each one corresponding to a fermionic
constraint. A BRST charge is constructed via the ansatz proposed by N. Berkovits in
[1]–[4]. The nilpotency of the BRST charge leads to a set of constraints for the two
spinor fields including pure spinor constraints. A nontrivial solution is given for one of
the spinor fields.
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1 Introduction
The pure spinor formalism introduced by N. Berkovits [1]–[4] is a successful attempt to solve
the longstanding problem of finding a manifestly supersymmetric and covariant superstring
formalism. The basic ingredient is the BRST-like operator Q =
∫
dzλαdα where dα is the
fermionic constraint that appears in the conventional Green-Schwarz formalism and λα is a
bosonic chiral spinor that plays the role of the associated “ghost”. For Q to be regarded as
a BRST operator must be nilpotent and this leads to the relation λαγmαβλ
β = 0. This in 10
dimensions is the condition for λα to be charactrized as a pure spinor.
An important property of Q is that its cohomology correctly reproduces the spectrum
of the superstring. The pure spinor formalism has been used as well for the covariant
quantization of the superparticle [3] and also to study several aspects of string theory, for
example the propagation of strings in curved backgrounds [5]–[8].
Another important application is the calculation of scattering amplitudes within the
framework of superstring theory [9]–[13]. The manifest Lorentz covariance and spacetime
supersymmetry make the calculation much easier than in other formalisms. Thus, pure
spinors play a crucial role within string perturbation theory. However, within the context
of branes (D-branes, superbranes), there are almost no non-trivial solutions reported in
the literature. In particular, the Lagrangian formalism for the supermembrane for 11d
supergravity backgrounds was constructed in [14] within the pure spinor framework where a
solution to the pure spinor constraints was presented as well.
In this paper we try to extend the pure spinor formalism to the case of the nonrela-
tivistic IIA D2-brane. The nonrelativistic limit of string theories [15]–[16] give us a deeper
understanding of string theories themselves. The nonrelativistic limit of Dp branes has been
studied in [17]–[18]. It is important to note that in this limit the kappa symmetry is main-
tained and this allows us to treat nonrelativistic Dp branes in the framework of the pure
spinor formalism.
Here we present novel non-trivial solution for the non-relativistic D2-brane within the
pure spinor formalism. This fact could lead to the quantization of branes with interesting
and relevant results.
Our starting point is the action of a IIA D2-brane in a flat 10d background. The fields
consist of the 10d superspace coordinates (xm, θ) and an abelian gauge field Aµ [19]–[21]:
S = −T
∫
d3σ
√
− det(Gµν + Fµν) +
∫
LWZ3 , (1.1)
where T is the string tension and the Wess-Zumino action reads
LWZ3 = T{
1
2
dθ¯/Π2θ − 1
3
dθ/Πθ1 +
1
15
dθθ2 + dθΓ11θF}; (1.2)
1
Gµν = ηmnΠ
m
µ Π
n
ν and here Π
m
µ =
∂Xm
∂σµ
− θΓm ∂θ
∂σµ
.
Fµν = ∂Aν
∂σµ
− ∂Aµ
∂σν
+
(
θΓ11Γm∂νθ
)(
Πmµ +
1
2
θΓm∂µθ
)
− (θΓ11Γm∂µθ)
(
Πmν +
1
2
θΓm∂νθ
)
(1.3)
θ1 = /V θ, θ2 = /˜V /V θ (1.4)
with
/V = {(θΓmdθ) + Γ11(θΓ11Γmdθ)}Γm (1.5)
/˜V = {(θΓmdθ)− Γ11(θΓ11Γmdθ)}Γm (1.6)
/Π = (dXm + θΓmdθ)Γm (1.7)
F = 1
2
Fµνdσµdσν (1.8)
and m,n = 0, .., 9/µ, ν = 0, 1, 2.
The action (1.1) has a global supersymmetry and also a local supersymmetry (kappa
symmetry).
The action for the non-relativistic D2-brane is obtained from (1.1) by doing the following
rescaling [17]–[18]:
Xµ = ωxµ (1.9)
Xa = xa (1.10)
T =
1
ω
TNR (1.11)
Ai = ωwi (1.12)
where the subindex NR stands for non-relativistic and i, µ = 0, 1, 2/a = 3, .., 9.
θ =
√
ωθ− +
1√
ω
θ+ (1.13)
where θ+, θ− are eigenstates of
Γ⋆ ≡ Γ0Γ1Γ2 (1.14)
2
Γ⋆θ± = ±θ± (1.15)
The action of the non-relativistic D2-brane is obtained by expanding (1.1) in powers of
ω and keeping the finite part as ω →∞ [18]
SNR =
∫
d3σLDBINR +
∫
LWZNR (1.16)
where
LDBINR = TNR(ǫijkR0iR1jR2k)
[
−
(
θ+γ̂0
∂θ+
∂σ0
+ θ+γ̂1
∂θ+
∂σ1
+ θ+γ̂2
∂θ+
∂σ2
)
+
1
2
ĝ il(ηaa´ u
a
i u
a´
l ) +
1
4
F˜ (1)il F˜ (1)jk ĝ ij ĝ lk
]
(1.17)
LWZNR = TNR
[
1
2
(θ+Γµνdθ+)
(
(dxµ + θ−Γ
µdθ−)(dx
ν + θ−Γ
νdθ−)
− (θ−Γµdθ−)(dxν + 2
3
θ−Γ
νdθ−)
)
+
1
2
(θ−Γµνdθ−)(θ+Γ
µdθ+)
(
dxν +
2
3
θ−Γ
νdθ−
)
+
1
2
(θ−Γabdθ−)
( (
dxa + θ+Γ
adθ− + θ−Γ
adθ+
)
(dxb + θ+Γ
bdθ− + θ−Γ
bdθ+)
−(θ+Γadθ− ++θ−Γadθ+)
(
dxb +
2
3
(θ−Γ
bdθ+ + θ+Γ
bdθ−)
))
+
(θ+Γµadθ− + θ−Γµadθ+)
(
(dxµ + θ−Γ
µdθ−)
(
dxa +
1
2
(θ+Γ
adθ− + θ−Γ
adθ+
))
−1
2
(θ−Γ
µdθ−)
(
dxa +
1
3
(θ−Γ
adθ+ + θ+Γ
adθ−)
)
+
1
2
(θ+ΓµΓ11dθ− + θ−ΓµΓ11dθ+)(
dxµ +
2
3
θ−Γ
µdθ−
)
(θ+Γ11dθ− + θ−Γ11dθ+) +
1
2
(θ−ΓbΓ11dθ−)
(
dxb +
2
3
(θ−Γ
bdθ+ +
θ+Γ
bdθ−)
)
(θ+Γ11dθ− + θ−Γ11dθ+) + (dθ−Γ11θ+ + dθ+Γ11θ−)(f − (θ−ΓµΓ11dθ+ +
θ+ΓµΓ11dθ−)
(
dxµ +
1
2
θ−Γ
µdθ−
)
− (θ−ΓaΓ11dθ−)
(
dxa +
1
2
(θ−Γ
adθ+ + θ+Γ
adθ−)
)]
(1.18)
where
Rµi = ∂ix
µ − θ−Γµ∂iθ− (1.19)
uai = ∂ix
a − θ−Γa∂iθ+ − θ+Γa∂iθ− (1.20)
3
i, µ = 0, 1, 2/a = 3, .., 9; also
γ̂0 =
1
(ǫijkR
0
iR
1
jR
2
k)
(ǫijkΓ
iRj1R
k
2) (1.21)
γ̂1 = − 1
(ǫijkR0iR
1
jR
2
k)
(ǫijkΓ
iRj0R
k
2) (1.22)
γ̂2 =
1
(ǫijkR
0
iR
1
jR
2
k)
(ǫijkΓ
iRj0R
k
1) (1.23)
ĝjk = ηµνR
µ
jR
ν
k (1.24)
where we have introduced the following quantities ǫ012 = 1, ηµν = diag(−1, 1, 1), ηaa´ =
diag(1, .., 1), µ, ν = 0, 1, 2; a, a´ = 3, .., 9;
F˜ (1)ij = fij +
[
(θ−Γ11Γµ∂jθ+ + θ+Γ11Γµ∂jθ−)
(
Rµi +
1
2
θ−Γ
µ∂iθ−
)
− (i↔ j)
]
+
[
(θ−Γ11Γa∂jθ−)
(
uai +
1
2
(θ−Γ
a∂iθ+ + θ+Γ
a∂iθ−)
)
− (i↔ j)
]
, (1.25)
where fij = ∂iwj − ∂jwi, f = 12fijdσidσj, and µ, ν, i, j = 0, 1, 2/a = 3, .., 9.
We denote by [LWZNR ]3 the 3-form coefficient of LWZNR given in (1.18). The Lagrangian
density of the non-relativistic D2-brane is given by:
LNR = LDBINR + [LWZNR ]3 (1.26)
The action (1.16) is invariant under the non-relativistic counterpart of the global and local
supersymmetric transformations that leave the relativistic D2-brane action (1.1) invariant
[17].
The conjugate momenta of the variables xµ, xa, θ+, θ−, wi are given by:
pµ =
∂LNR
∂x˙µ
=
∂LNR
∂Rµ0
+
∂LNR
∂F˜ (1)0i
(θ−Γ11Γµ∂iθ+ + θ+Γ11Γµ∂iθ−) (1.27)
µ = 0, 1, 2/i = 1, 2;
pa =
∂LNR
∂x˙a
=
∂LNR
∂u˙a0
+
∂LNR
∂F˜ (1)0i
(θ−Γ11Γa∂iθ−) (1.28)
a = 3, .., 9;
J+l =
∂rLNR
∂θ˙+l
− ∂LNR
∂ua0
(θ−Γ
a)l −
∂LNR
∂F˜ (1)0i
[(
Rµi +
1
2
θ−Γ
µ∂iθ−
)
(θ−Γ11Γµ)l +
1
2
(θ−Γ11Γa∂iθ−)(θ−Γ
a)l
]
(1.29)
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and
J−l =
∂rLNR
∂θ˙−l
=
∂r[LWZNR ]3
∂θ˙−l
− ∂LNR
∂Rµ0
(θ−Γ
µ)l −
∂LNR
∂ua0
(θ+Γ
a)l − LNR
∂F˜ (1)0i
[
1
2
(θ−Γ11Γµ∂iθ+ + θ+Γ11Γµ∂iθ−)(θ−Γ
µ)l+
1
2
(θ−Γ11Γa∂iθ−)(θ+Γ
a)l +
(
Rµi +
1
2
θ−Γ
µ∂iθ−
)
(θ+Γ11Γµ)l +(
uai +
1
2
(θ−Γ
a∂iθ+ + θ+Γ
a∂iθ−)
)
(θ−Γ11Γa)l
]
, (1.30)
where l = 1, .., 32; and
Ei =
∂LNR
∂w˙i
=
∂LNR
∂F˜ (1)0i
. (1.31)
The fermionic constraints are given by
F+l = J+l + pa(θ−Γ
a)l + E
i
[(
Rµi +
1
2
θ−Γ
µ∂θ−
)
(θ−Γ11Γµ)l
−1
2
(θ−Γ11Γa∂iθ−)(θ−Γ
a)l
]
+ TNRǫijk(θ+Γ
i)lR
j
1R
k
2 −
∂r[LWZNR ]3
∂θ˙+l
(1.32)
where the last derivative does not include differentiation with respect to ua0, F˜ (1)0i , and
F−l = J−l + pa(θ+Γ
a)l + pµ(θ−Γ
µ)l + E
i
[(
Rµi +
1
2
(θ−Γ
µ∂iθ−
)
(θ+Γ11Γµ)l+(
uai +
1
2
(θ−Γ
a∂iθ+ + θ+Γ
a∂iθ−
)
(θ−Γ11Γa)l − 1
2
(θ−Γ11Γµ∂iθ+ +
θ+Γ11Γµ∂iθ−)(θ−Γ
µ)l − 1
2
(θ−Γ11Γa∂iθ−)(θ+Γ
a)l
]
− ∂
r[LWZNR ]3
∂θ˙−l
, (1.33)
where the last derivative does not include differentiation with respect to ua0, R
µ
0 , F˜ (1)0i .
We introduce now two commuting spinor fields λ+, λ− corresponding to the fermionic
constraints F+, F− and we write down a BRST charge according to the ansatz proposed in
[1]–[4]:
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Q =
∫
d2σ(λl+J+l + λ
l
−J−l + pa(θ−Γ
aλ+ + θ+Γ
aλ−) + pµ(θ−Γ
µλ−) +
Ei
[(
Rµi +
1
2
θ−Γ
µ∂iθ−
)
(θ+Γ11Γµλ− + θ−Γ11Γµλ+) +
(
uai +
1
2
(θ−Γ
a∂iθ++
θ+Γ
a∂iθ−)
)
(θ−Γ11Γaλ−)− 1
2
(θ−Γ11Γµ∂iθ+ + θ+Γ11Γµ∂iθ−)(θ−Γ
µλ−)−
1
2
(θ−Γ11Γa∂iθ−)(θ+Γ
aλ− + θ−Γ
aλ+)
]
+ TNRǫijk(θ+Γ
iλ+)R
j
1R
k
2 −
(
λT+
∂r[LWZNR ]3
∂θ˙+
)
−(
λT−
∂r[LWZNR ]3
∂θ˙−
)
)
(1.34)
with i, j, k, µ = 0, 1, 2/a = 3, .., 9.
A set of BRST transformations is the following:
sθl+ = λ
l
+,
sθl− = λ
l
−,
sxµ = θ−Γ
µλ−,
sxa = θ−Γ
aλ+ + θ+Γ
aλ−,
sRµν = 2(∂νθ−Γ
µλ−),
suaµ = 2(∂µθ−Γ
aλ+ + ∂µθ+Γ
aλ−),
sF˜ (1)ij = 2Rµj (λ−Γ11Γµ∂iθ+ + λ+ Γ11Γµ∂iθ−) + 2uaj (∂iθ−Γ11Γaλ−)− (i↔ j) (1.35)
where again µ, ν = 0, 1, 2/i, j = 1, 2/a = 3, .., 9/l = 1, ..32; from which we obtain
s2θl+ = s
2θl− = 0,
s2xµ = λ−Γ
µλ−,
s2xa = 2(λ−Γ
aλ+),
s2Rµi =
∂
∂σi
(λ−Γ
µλ−),
s2uai = 2
∂
∂σi
(λ+Γ
aλ−) (1.36)
and
s2F˜ (1)ij = 2Rµj
∂
∂σi
(λ+Γ11Γµλ−) + u
a
j
∂
∂σi
(λ−Γ11Γaλ−) +
2(∂jθ−Γ11Γ
µ∂iθ−)(λ−Γµλ−) + 2(∂jθ−Γ
a∂iθ+)(λ−Γ11Γaλ−) +
2(∂jθ−Γ11Γa∂iθ−)(λ−Γ
aλ+) + 2(∂jθ−Γ
µ∂iθ−)(λ−Γ11Γµλ+) (1.37)
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where we used the ansatz
λ− = P−λ,
P− =
1
2
(1− Γ0Γ1Γ2) (1.38)
The full set of constraints required for the nilpotency of the BRST charge is obtained
by studying the equal time Poisson bracket {Q(σ), Q(σ′)} where Q(σ) is given in (1.34). A
basis for expanding a 32 × 32 matrix M is given in Appendix A. If we ignore the last two
terms in (1.34) involving the derivatives of [LWZNR ]3 we obtain:
{Q´(σ), Q´(σ′)} =
∫
d2σ[(∂iE
i)((θ−Γ
aλ+ + θ+Γ
aλ−)(θ−Γ11Γaλ−) +
(θ−Γ
µλ−)(θ+Γ11Γµλ− + θ−Γ11Γµλ+)) + 4(λ+Γ
aλ−)(pa − Ei(θ−Γ11Γa∂iθ−)) +
2(λ−Γ
µλ−)(pµ − Ei(θ−Γ11Γµ∂iθ+ + θ+Γ11Γµ∂iθ−)) + 4(λ+Γ11Γµλ−)EiRµi +
2(λ−Γ11Γaλ−)E
iuai + 2TNRǫµνρ(λ+Γ
µλ+)R
ν
1R
ρ
2 + 2E
i(−(λ−Γaθ−)(∂iθ−Γ11Γaλ+ +
∂iθ+Γ11Γ
aλ−)− (θ−Γ11Γµλ−)(∂iθ−Γµλ+ + ∂iθ+Γµλ−) + (∂iθ−Γ11Γµλ−)
(λ−Γµθ+ + θ−Γµλ+) + (λ−Γa∂iθ−)(θ+Γ11Γ
aλ− + θ−Γ11Γ
aλ+))] +
4TNRǫ0jk
∫
d2σ(θΓνρλ+)(∂jθ−Γ
νλ−)R
ρ
k, (1.39)
where ǫ012 = 1.
The final expression for the equal time Poisson bracket {Q(σ), Q(σ′)} where Q(σ) is the
full expression for the BRST charge given in (1.34) is given by:
{Q(σ), Q(σ′)} =
∫
d2σ(∂iE
i)[(θ−Γ
aλ+ + θ+Γ
aλ−)(θ−Γ11Γaλ−) +
(θ−Γ
µλ−)(θ+Γ11Γµλ− + θ−Γ11Γµλ+)] +
2TNRǫµνρ
∫
d2σRν1R
ρ
2(λ+Γ
µλ+) + TNRǫ0jk
∫
dσ2RµjR
ν
k(λ+Γµνλ+) +∫
d2σ[Fµ(λ−Γ
µλ−) + Fa(λ−Γ
aΓ11λ−) + Fab(λ−Γ
abλ−) +
F νabdf (λ−Γνabdfλ−) + F (λ−Γ11λ+) + F a(λ−Γ
aλ+) +
F νb(λ−Γ
νbλ+) + F ν(λ−Γ
νΓ11λ+) + F νabc(λ−Γ
νabcλ+) + F
νab
(λ+ΓνabΓ11λ−) +
F fglmn(λ+Γ
fglmnλ−) + F lmn(λ−Γ
lmnλ+)] (1.40)
where now i = 1, 2/µ, ν, ρ = 0, 1, 2/a, b, c, d, f, g, l,m, n = 3, .., 9; and the ansatz λ− = P−λ
is used.
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The expressions for Fµ, Fa, Fab, Fνabdf , F , F a, F ν , F νb, F νabc, F νab, F fglm, F lmn are given in
Appendix B. These expressions are different from zero, so the following constraints guarantee
the nilpotency of the BRST charge:
∂iE
i = 0 (Gauss law),
λ+Γµλ+ = 0, λ+Γµνλ+ = 0,
λ−Γµλ− = 0, λ−ΓaΓ11λ− = 0, λ−Γabλ− = 0, λ−Γµabcdλ− = 0,
λ−Γ11λ+ = 0, λ−Γaλ+ = 0, λ−Γµaλ+ = 0, λ−ΓµΓ11λ+ = 0,
λ−Γµabcλ+ = 0, λ+ΓµabΓ11λ− = 0, λ+Γfglmnλ− = 0, λ−Γlmnλ+ = 0 (1.41)
with the ansatz λ− = P−λ, (i = 1, 2/µ, ν = 0, 1, 2/a, b, c, d, f, g, l,m, n = 3, .., 9) .
2 Solving the constraints
In order to solve the constraints (1.41) we use the methodology used in [22]–[23]. The Dirac
matrices Γm (m = 0, 1, .., 9) are combined into five creation operators ai (i = 1, .., 5) and five
annihilation operators ai (i = 1, .., 5) as follows:
a1 =
1
2
(Γ1 − iΓ2), a2 = 1
2
(Γ3 − iΓ4), a3 = 1
2
(Γ5 − iΓ6),
a4 =
1
2
(Γ7 − iΓ8), a5 = 1
2
(Γ9 + Γ0),
a1 =
1
2
(Γ1 + iΓ2), a2 =
1
2
(Γ3 + iΓ4), a3 =
1
2
(Γ5 + iΓ6),
a4 =
1
2
(Γ7 + iΓ8), a5 =
1
2
(Γ9 − Γ0) (2.1)
The following identities hold:
{ai, aj} = δij, {ai, aj} = 0, {Γ11, ai} = 0, {Γ11, aj} = 0, ai = ai†,
with now i, j = 1, .., 5. (2.2)
Here we introduce the vacuum state | 0 > and the state < 0 | with the equations:
ai | 0 >= 0, < 0 | ai = 0, i = 1, .., 5. (2.3)
We decompose a 32-component Dirac spinor into a sum of a positive chirality 16-component
8
part and a negative chirality 16-component part as follows:
| λ >=
(
λ+ | 0 > +1
2
λija
jai | 0 > + 1
4!
λiǫijklma
jakalam | 0 >
)
+(
1
5!
λ′+ǫijklma
iajakalam | 0 > + 1
3!
λ′ijǫijklma
kalam | 0 > +λ′iai | 0 >
)
= (2.4)
(1 + 10 + 5) + (1 + 10 + 5),
where λij = −λji, λ′ij = −λ′ji .
Let us try to solve from (1.41) the constraints λ+Γµλ+ = 0 and λ+Γµνλ+ = 0 (where
µ, ν = 0, 1, 2).
It is interesting to note that λ+ can be written as a sum of two pure spinors λ1+ =
P+λ+ and λ2+ = P−λ+ where P± =
1
2
(1 ± Γ0Γ1Γ2) and the constraints λ+Γµλ+ = 0 ,
λ+Γµνλ+ = 0, (µ, ν = 0, 1, 2) can be expressed equivalently as two pure spinor constraints:
λ1+Γmλ1+ = 0,λ2+Γmλ2+ = 0, (m = 0, ..., 9).
The constraints λ+Γµλ+ = 0 can be written as follows:
< λ+ | Ca1 | λ+ >= 0,
< λ+ | Ca1 | λ+ >= 0,
< λ+ | Ca5 | λ+ >=< λ+ | Ca5 | λ+ > . (2.5)
Let us suppose that | λ+ > is chiral:
| λ+ >= λ++ | 0 > +1
2
λ+ija
jai | 0 > + 1
4!
λi+ǫijklma
jakalam | 0 >, (2.6)
then we obtain
< λ+ | Ca1 | λ+ >= 2
(
λ++λ
1
+ +
1
8
ǫ1ijklλ+ijλ+lk
)
,
< λ+Ca
5 | λ+ >= 2
(
λ++λ
5
+ +
1
8
ǫ5ijklλ+ijλ+lk
)
,
< λ+ | Ca1 | λ+ >= 2λi+λ+i1 ,
< λ+ | Ca5 | λ+ >= 2λi+λ+i5 , (2.7)
where now ǫ12345 = 1.
The constraints λ+Γµνλ+ = 0, (µ, ν = 0, 1, 2) can be expressed as:
< λ+ | C(a5 − a5)(a1 + a1) | λ+ >= 0,
< λ+ | C(a1 + a1)(a1 − a1) | λ+ >= 0,
< λ+ | C(a5 − a5)(a1 − a1) | λ+ >= 0 . (2.8)
9
These expressions are identically zero for | λ+ > chiral, so from (2.5) and (2.7) we get
λ1+ =
1
8λ++
ǫ1ijklλ+ijλ+kl,
λ5+ =
1
λ++
(λi+λ+i5 +
1
8
ǫ5ijklλ+ijλ+kl),
λi+λ+i1 = 0. (2.9)
For the general case we can write
| λ+ >= λ++ | 0 > +1
2
λ+ija
jai | 0 > + 1
4!
λi+ǫijklma
jakalam | 0 > +
λ′+ia
i | 0 > + 1
3!
λ′ij+ ǫijlkma
lakam | 0 > + 1
5!
λ′++ǫijklma
iajakalam | 0 > . (2.10)
Thus we have the following relations:
< λ+ | Ca1 | λ+ >= 2
(
λ++λ
1
+ +
1
8
ǫ1ijklλ+ijλ+lk
)
− 4λ′+iλ
′i1
+ = 0, (2.11)
< λ+ | Ca1 | λ+ >= 2λiλ+i1 − 2λ′+1λ′++ + ǫ1iji′j′λ
′ij
+ λ
′i′j′
+ = 0, (2.12)
< λ+ | Ca5 | λ+ >=< λ+ | Ca5 | λ+ > ⇒
2(λ++λ
5
+ +
1
8
ǫ5ijklλ+ijλ+lk)− 4λ′+iλ
′i5
+ = 2λ
i
+λ+i5 − 2λ′+5λ′++ + ǫ5iji′j′λ
′ij
+ λ
′i′j′
+ . (2.13)
On the other hand the constraints λ+Γ
µνλ+ = 0 can be rewritten as follows:
1
2
< λ+ | C(a1a1 − a1a1) | λ+ >=
−λ++λ′++ + 4λ+i1λ
′i1
+ − λ+ijλ
′ij + λi+λ
′
+i − 2λ1+λ′+1 = 0,
< λ+ | C(a5 − a5)a1 | λ+ >=
4λ++λ
′51
+ + 4λ
′i1
+ λ+i5 + 2λ
′
+5λ
1
+ − ǫ15iji′λ+ijλ′+i′ = 0,
1
2
< λ+ | C(a5 − a5)a1 | λ+ >=
−2λ+i1λ′i5+ + λ+51λ′++ + λ5+λ′+1 − ǫijk15λ
′ij
+ λ
k
+ = 0. (2.14)
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From (2.11)-(2.14) we obtain
λ1+ =
1
λ++
(2λ′+iλ
′i1
+ +
1
8
ǫ1ijklλ+ijλ+kl),
λ′+1 =
1
2λ′++
(2λi+λ+i1 + ǫ1ijklλ
′ij
+ λ
′kl
+ ),
λ5+ =
1
λ++
(
λi+λ+i5 − λ′+5λ′++ + 2λ′+iλ
′i5
+ +
1
2
ǫ5ijklλ
′ij
+ λ
′kl
+ +
1
8
ǫ5ijklλ+ijλ+kl
)
,
λ
′51
+ =
1
4λ++
(−4λ′i1+ λ+i5 − 2λ′+5λ1+ + ǫ15ijkλ+ijλ′+k),
λ+51 =
1
λ′++
(2λ+i1λ
′i5
+ − λ5+λ′+1 + ǫ15ijkλ
′ijλk+),
λ′++ =
1
λ++
(4λ+i1λ
′i1
+ − λ+ijλ
′ij
+ + λ
i
+λ
′
+i − 2λ1+λ′+1). (2.15)
Now from (1.41) we deal with the following constraints:
λ−Γ
µλ− = 0, λ−Γ
aΓ11λ− = 0, λ−Γ
abλ− = 0, λ−Γ
µabcdλ− = 0, (2.16)
where µ = 0, 1, 2/a, b, c, d = 3, .., 9 with λ− = P−λ (P− is given in (1.38)). Thus, we can
write
P− =
1
2
[1 + i(a5 − a5)(a1a1 − a1a1)]. (2.17)
We have that P T−C = CP− where C is the charge conjugation matrix. So for example
the constraints λ−Γ
µλ− = 0 can be rewritten as follows:
< λ | CP−a1P− | λ >= 0,
< λ | CP−a1P− | λ >= 0,
< λ | CP−a5P− | λ >=< λ | CP−a5P− | λ > . (2.18)
The solution of the constraints in (2.16) is the trivial one. This can be shown as follows.
Let us consider the following 16 constraints:
λ−Γ
13579λ− = 0, λ−Γ
13589λ− = 0, λ−Γ
13679λ− = 0, λ−Γ
13689λ− = 0
λ−Γ
14579λ− = 0, λ−Γ
14679λ− = 0, λ−Γ
14589λ− = 0, λ−Γ
14689λ− = 0
λ−Γ
23579λ− = 0, λ−Γ
23589λ− = 0, λ−Γ
23679λ− = 0, λ−Γ
23689λ− = 0,
λ−Γ
24579λ− = 0, λ−Γ
24589λ− = 0, λ−Γ
24679λ− = 0, λ−Γ
24689λ− = 0. (2.19)
which can be rewritten as:
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ+)2 + (λ′5)2 + 2i(λ+λ′5) = 0 (2.20)
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< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ45)2 + (λ′4)2 − 2i(λ′4λ45) = 0 (2.21)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ35)2 + (λ′3)2 − 2i(λ′3λ35) = 0 (2.22)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ52)2 + (λ′2)2 − 2i(λ′2λ52) = 0 (2.23)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ34)2 + 4(λ′12)2 − 4i(λ34λ′12) = 0 (2.24)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ42)2 + 4(λ′13)2 − 4i(λ42λ′13) = 0 (2.25)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ23)2 + 4(λ′14)2 − 4i(λ23λ′14) = 0 (2.26)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ1)2 + 4(λ′15)2 − 4i(λ1λ′15) = 0 (2.27)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ15)2 + (λ′1)2 + 2i(λ′1λ15) = 0 (2.28)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ14)2 + 4(λ′23)2 + 4i(λ14λ′23) = 0 (2.29)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ13)2 + 4(λ′24)2 − 4i(λ13λ′24) = 0 (2.30)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ12)2 + 4(λ′34)2 + 4i(λ12λ′34) = 0 (2.31)
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< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ2)2 + 4(λ′52)2 − 4i(λ2λ′52) = 0 (2.32)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ3)2 + 4(λ′53)2 + 4i(λ3λ′53) = 0 (2.33)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ4)2 + 4(λ′45)2 + 4i(λ4λ′45) = 0 (2.34)
< λ | Ca1((a5 + a5)− i(a5a5 − a5a5))a2a3a4 | λ >=
−(λ5)2 + (λ′+)2 − 2i(λ5λ′+) = 0 (2.35)
and the expression for | λ > is given in (2.4). We follow the claim made in [22]–[23] that
a chiral spinor can be chosen to be real and assume that | λ > is real. Then the relations
(2.20)-(2.35) imply that all the components of | λ > are zero as a solution to the constraints
(2.16). It is interesting to note that λ− corresponds to θ− which is a gauge degree of freedom
as pointed out in [17].
3 Conclusions
In this paper we treated the non-relativistic IIA D2 brane in the framework of the pure
spinor formalism [24]. We derived the fermionic constraints corresponding to the rescaled
fermionic coordinates. We introduced two commuting spinor fields each one corresponding
to a fermionic coordinate. The nilpotency of the BRST charge leads to a set of constraints
for the two spinor fields including pure spinor constraints. Nontrivial solutions are found
for the spinor field λ+ which corresponds to the fermionic coordinate θ+. It is interesting to
note that the solution for the spinor field λ− corresponding to θ− which, according to the
proof given in [17] constitutes a gauge degree of freedom, is the trivial one. Thus, we can set
θ− = 0 without loss of generality. This study can be performed for more general manifolds
and for 11 dimensions as well. We would like to finally mention that the treatment of the
relativistic Dp-brane in the framework of pure spinor formalism has been reported in [25].
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4 Appendix A
For the matrices Γm (m = 0, .., 9) we use the Majorana representation (Γ0 is real antisym-
metric, Γi (i = 1, .., 9) are real symmetric)
{Γm,Γn} = 2ηmn (4.1)
where ηmn = diag(−1, 1, .., 1) and m,n = 0, .., 9; and
C = Γ0,
(Γm)T = −Γ0ΓmΓ−10 . (4.2)
A basis for the 32× 32 matrices is given by (see Appendix B in [26] for instance):
B =
{
I,ΓAΓAB,ΓABC ,ΓABCD,ΓABCDE ,ΓABCDΓ11,Γ
ABΓ11,Γ
AΓ11,Γ11
}
, (4.3)
with A < B < C < D < E .
For the differential form dθ we use the convention given in [19]:
dθ = dσµ∂µθ = −∂µθdσµ . (4.4)
The following identities hold for λ− = P−λ:
Γµνλ− = −ǫµνρΓρλ−
Γµνρλ− = −ǫµνρλ− (4.5)
ǫ012 = 1.
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5 Appendix B
Fµ = 2[pµ − Ei(θ−Γ11Γµ∂iθ+ + θ+Γ11Γµ∂iθ−)] + 2TNRǫ0jk[−2(θ+Γµν∂jθ+)Rνk +
(θ+Γaµ∂jθ− + θ−Γaµ∂jθ+)u
a
k] +
TNR
96
ǫ0jk[(θ−Γ
ν∂kθ−)(−89(θ+Γµν∂jθ+) +
22(θ+∂jθ+)ηµν) + (θ+Γ
ν∂kθ+)(83(θ−Γµν∂jθ−) + 6(θ−∂jθ−)ηµν)− 2(θ−Γa∂kθ+ +
θ+Γ
a∂kθ−)(47(θ+Γµa∂jθ−) + 23(θ−Γµa∂jθ+))− 5(θ+ΓµΓνa∂jθ−)(∂kθ+Γνaθ−)−
1
3
(∂kθ+Γ
aθ−)(37(∂jθ−Γµaθ+)− 66(∂jθ+Γµaθ−))− (∂jθ−Γaθ+)
(21(∂kθ+Γµaθ−)− 2(∂kθ−Γµaθ+))− 2(θ+Γ11∂θ− + θ−Γ11∂θ+)
(25(θ+Γ11Γµ∂jθ−) + 31(θ−Γ11Γµ∂jθ+)) + 2(θ−Γ11Γ
ν∂kθ+ + θ+Γ11Γ
ν∂kθ−)
(θ+Γ11ΓµΓν∂jθ− + 2(θ−Γ11∂jθ+)ηµν)− (∂jθ−Γ11Γνθ−)(64(∂kθ+Γ11θ−)−
11(∂kθ+Γ11Γµνθ−) + 46(∂kθ−Γ11θ+)ηµν − 2(∂kθ−Γ11ΓνΓµθ+)) + (θ−Γ11Γν∂kθ+)
(9(θ−Γ11ΓνΓµθ+) + 34(θ−Γ11∂jθ+)ηµν + 23(θ+Γ11∂jθ−)ηµν)− 7(∂jθ−Γ11Γaθ−)
(∂kθ+Γ11Γµaθ+) + 5(∂kθ+Γ11Γ
νaΓµθ+)(θ−ΓνaΓ11∂jθ−) + (θ−Γ
νaΓ11Γµ∂jθ−)
(∂kθ+ΓνaΓ11θ+)− (∂kθ+Γ11Γaθ+)(∂jθ−Γ11Γµaθ−) + (θ+Γνa∂jθ−)(θ−ΓνaΓµ∂kθ+)] (5.1)
Fa = −2Eiuia + 2TNRǫ0jk(θ+Γ11∂jθ− + θ−Γ11∂jθ+)uak +
TNR
3
ǫ0jk[− 1
16
(θ+Γ
b∂jθ−)
(10(θ−ΓabΓ11∂kθ+)− (θ+ΓabΓ11∂kθ−) + 3(∂kθ−Γ11θ+)ηab + 45(∂kθ+Γ11θ−)ηab) +
3
16
(θ−Γ
b∂jθ+)(−8(∂kθ+ΓabΓ11θ−) + 12(θ−Γ11∂kθ+)ηab − (θ+Γ11∂kθ−)ηab) +
7
8
(θ+Γ
µ∂kθ+)(∂jθ−ΓµaΓ11θ−) +
1
48
(θ+Γ11Γ
µ∂kθ−)(5(∂jθ+Γµaθ−)− 6(∂jθ−Γµaθ+))−
1
16
(∂jθ−Γ11Γ
bθ−)(13(∂kθ+Γabθ+) + 3(θ+∂kθ+)ηab)− 1
32
(∂jθ−Γabcθ+)
(2(∂kθ+Γ
bcΓ11θ−) + ∂kθ−Γ
bcΓ11θ+) +
1
16
(∂jθ−Γ
µbθ+)(−2(∂kθ−ΓµabΓ11θ+)
−6(∂kθ+Γ11Γµabθ−) + 9(θ−Γ11Γµ∂kθ+)ηab + (θ+Γ11Γµ∂kθ−)ηab)− 9
16
(θ−Γ
µ∂jθ−)
(θ+ΓµaΓ11∂kθ+) +
3
8
(θ+Γ
µbΓ11∂kθ+)(∂jθ−Γµabθ−) +
117
64
(θ−∂jθ−)(θ+Γ11Γa∂kθ+) +
137
64
(θ−Γab∂jθ−)(θ+Γ11Γ
b∂kθ+) +
1
16
(θ−Γ
µb∂jθ+)(∂kθ−Γ11Γµabθ+)− 1
16
(θ−Γ11Γ
µb∂jθ−)
(∂kθ+Γµabθ+)− 1
16
(θ−Γ
bc∂kθ−)(θ+ΓabcΓ11∂jθ+)] (5.2)
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Fab = TNRǫ0jkuajubk +
TNR
16
ǫ0jk[(θ+Γ
d∂jθ−)(−14
3
(∂kθ−ΓabΓdθ+) +
14
3
(∂kθ−ΓdΓabθ+) +
35
6
(∂kθ+ΓabΓdθ−)− 15
2
(∂kθ+ΓdΓabθ−) +
16
3
(θ+Γb∂kθ−)ηad +
32
3
(θ−Γb∂kθ+)ηad) +
1
6
(θ−Γ
d∂jθ+)(7(∂kθ+ΓdΓabθ−) + 35(∂kθ+ΓabΓdθ−) +
4(∂kθ−ΓdΓabθ+)− 33(∂kθ−ΓabΓdθ+)− 32(θ−Γa∂kθ+)ηbd) + 1
6
(θ−Γ11Γ
µ∂kθ+)
(−4(∂jθ+Γ11Γµabθ−) + 37(∂jθ−Γ11Γµabθ−)) + 15
4
(θ+Γ
µdΓ11∂kθ+)(∂jθ−Γ11ΓµdΓabθ−) +
25
12
(∂jθ−Γ
µdθ+)(∂kθ+ΓµdΓabθ−)− 77
12
(θ+Γ
dΓ11∂kθ+)(∂jθ−Γ11ΓdΓabθ−)−
35
4
(∂jθ−Γ11θ+)(∂kθ+Γ11Γabθ−)− 45
4
(θ−Γab∂jθ−)(θ+∂kθ+) +
37
4
(θ+Γ
µ∂kθ+)
(∂jθ−Γµabθ−) +
1
6
(θ−Γ11Γ
d∂jθ−)(5(∂kθ+Γ11ΓabΓdθ+) + 39(∂kθ+ΓdΓabΓ11θ+))−
3(θ−Γ11∂kθ+)(∂jθ−Γ11Γabθ+) + (θ−Γ
µd∂jθ+)(∂kθ−ΓabΓµdθ+)− (θ−Γdf∂kθ−)
(θ+Γ
dΓabΓ
f∂jθ+)− 1
4
(θ+Γ11Γ
µ∂kθ−)(∂jθ+Γ11Γµabθ−)− 1
2
(θ−∂jθ−)(∂kθ+Γabθ+)−
1
6
(θ−Γ11Γ
µd∂jθ−)(∂kθ+Γ11ΓµabΓdθ+) +
1
6
(∂kθ+ΓdfΓ11θ−)(∂jθ−Γ11Γ
dΓabΓ
fθ+)−
4(θ−Γ
µ∂jθ−)(∂kθ+Γµabθ+)] (5.3)
F = 2TNRǫ0jk
[
F˜ (1)jk −
1
3
((θ−Γ
µ∂kθ−)(θ+ΓµΓ11∂jθ− + θ−ΓµΓ11∂jθ+) +
(θ−Γ
aΓ11∂jθ−)(θ−Γa∂kθ+ + θ+Γa∂kθ−))
]
(5.4)
F ν = −4EiRνi + 4TNRǫ0jkRνk(θ+Γ11∂jθ− + θ−Γ11∂jθ+) + 1
48
TNRǫ0jk[−(θ−Γµa∂jθ+)
(16(∂kθ−Γ11Γaθ−)ηµν − 5(∂kθ−ΓµνaΓ11θ−))− 12(∂kθ−Γ11Γaθ−)(θ+Γνa∂jθ−)−
(θ−Γ
µ∂jθ−)(−37(∂kθ+ΓµνΓ11θ−) + 41(∂kθ+Γ11θ−)ηµν + 18(∂kθ−Γ11θ+)ηµν) +
(∂jθ−ΓνaΓbθ−)(−5(∂kθ+ΓbΓaΓ11θ−) + 2(∂kθ−ΓbΓaΓ11θ+))− (θ−Γab∂kθ−)
(7(θ−ΓνabΓ11∂jθ+) + 2(θ+ΓνabΓ11∂jθ−)) + (∂jθ+Γ11Γ
µθ−)(70(θ−∂kθ−)ηµν +
59(∂kθ−Γµνθ−)) + (∂jθ−ΓνaΓ11θ−)(49(θ−Γ
a∂kθ+) + 24(θ+Γ
a∂kθ−))−
5(∂kθ+Γ
µaΓνθ−)(θ−Γ11Γµa∂jθ−)] (5.5)
16
F a = 4(pa − Ei(θ−Γ11Γa∂iθ−))− 2TNRǫ0jk[(θ−Γµa∂kθ+ + θ+Γµa∂kθ−)Rµj
−(θ−Γab∂kθ−)ubj] +
2
3
TNRǫ0jk[
1
16
(θ−Γ
µ∂jθ−)(25(∂kθ+Γµaθ−) + 19(∂kθ−Γµaθ+)) +
1
8
(θ−∂jθ−)(21(∂kθ+Γaθ−) + 9(∂kθ−Γaθ+))− 1
32
(∂jθ−Γµabθ−)(5(θ−Γ
µb∂kθ+)−
2(θ+Γ
µb∂kθ−)) +
1
32
(θ−Γab∂kθ−)(7(θ−Γ
b∂jθ+) + 12(θ+Γ
b∂jθ−)) +
1
16
(∂jθ−Γ11Γµaθ−)
(3(∂kθ−Γ11Γ
µθ+) + 10(∂kθ+Γ11Γ
µθ−)) +
1
16
(θ−ΓaΓ11∂jθ−)(29(θ+Γ11∂kθ−) +
20(θ−Γ11∂kθ+)) +
1
32
(θ−Γ11Γ
b∂kθ−)(2(θ+Γ11Γab∂jθ−)− θ−Γ11Γab∂jθ+) +
1
32
(∂jθ−Γ11Γabcθ−)(θ+Γ11Γ
bc∂kθ− − 5(θ−Γ11Γbc∂kθ+)) + 1
32
(θ−Γ
bc∂jθ−)
(7(∂kθ+Γabcθ−) + 2(∂kθ−Γabcθ+))− 5
32
(∂kθ+Γ11Γµabθ−)(θ−Γ11Γ
µb∂jθ−)] (5.6)
F νa = 4TNRǫ0jkRνjuak +
1
48
TNRǫ0jk[(θ−Γ
µ∂jθ+)(37(θ−Γa∂kθ+)ηµν +
34(θ+Γa∂kθ−)ηµν − 5(θ−Γµνa∂kθ+) + 6(θ+Γµνa∂kθ−)) + (θ−Γ11Γb∂jθ−)
(5(∂kθ+Γ11Γν(ηab + Γba)θ−)− 2(∂kθ−Γ11Γνbaθ+))− (θ−Γb∂kθ+)
(−19(∂jθ−Γνbaθ−) + 9(∂jθ−Γνθ−)ηab) + (θ−ΓbµΓ11∂jθ−)(∂kθ+ΓµΓ11ΓνaΓbθ−) +
5(θ−Γ
µΓ11∂kθ+)(∂jθ−ΓµΓ11Γνaθ−)− (θ−ΓbcΓ11∂kθ+)(∂jθ−Γ11Γνabcθ−) +
(∂kθ+Γ
bµθ−)(∂jθ−ΓµΓνaΓbθ−)− 5(θ−Γ11∂kθ+)(θ−ΓνaΓ11∂jθ−)− 22(θ+Γb∂jθ−)
(θ−Γνba∂kθ−) + 2(θ+Γ11Γ
µ∂kθ−)(−∂jθ−Γ11Γµνaθ− + 2(∂jθ−Γ11Γaθ−)ηµν) +
2(∂kθ−Γ
bµθ+)(2(∂jθ−Γµνθ−)ηab + (∂jθ−Γµνbaθ−)− 2(∂jθ−Γbaθ−)ηµν −
(∂jθ−θ−)ηµνηab)− 2(∂jθ−Γ11θ+)(∂kθ−Γ11Γνaθ−) + (∂kθ−Γbcθ−)
(∂jθ−Γνabcθ+ − 2(∂jθ+Γνabcθ−))] (5.7)
F
νab
=
1
96
TNRǫ0jk[(∂kθ−Γ
µΓ11Γ
νabΓdθ−)(4(∂jθ−Γdµθ+)− ∂jθ+Γdµθ−)−
6(∂kθ−Γ
dθ+)(∂jθ−(ΓdΓ
νab + 3ΓνabΓd)Γ11θ−) + 3(θ−Γ
d∂kθ+)
(∂jθ−(ΓdΓ
νab + 6ΓνabΓd)Γ11θ−) + (∂kθ+ΓdcΓ11θ−)(∂jθ−Γ
dΓνabΓcθ−)−
3(∂kθ+Γ11θ−)(∂jθ−Γ
νabθ−) + 3(∂jθ−Γ
µθ−)(∂kθ+ΓµΓ11Γ
νabθ−)−
(θ−Γcd∂jθ−)(∂kθ+Γ
cΓ11Γ
νabΓdθ−) + (θ−ΓdµΓ11∂jθ−)(∂kθ+Γ
µΓνabΓdθ−) +
3(θ−Γ
µΓ11∂kθ+)(∂jθ−ΓµΓ
νabθ−) + 3(θ−∂jθ−)(∂kθ+Γ11Γ
νabθ−)−
3(θ−Γ11Γ
d∂jθ−)(θ−Γ
νabΓd∂kθ−)] (5.8)
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F
lmn
=
1
48
TNRǫ0jk[−1
4
(θ+Γ
d∂kθ−)(θ−Γ
lmnΓd∂jθ− + θ−ΓdΓ
lmn∂jθ−)−
1
32
(θ−Γ
d∂kθ+)(5(θ−Γ
lmnΓd∂jθ−) + 6(θ−ΓdΓ
lmn∂jθ−)) +
1
32
(θ−Γµ∂jθ−)
(∂kθ+Γ
µlmnθ−) +
1
32
(θ−Γµd∂jθ+)(θ−Γ
dΓµlmn∂kθ−) +
1
32
(∂kθ+Γ11Γµθ−)
(∂jθ−Γ11Γ
µlmnθ−)− 1
32
(θ−Γ11Γd∂kθ−)(θ−Γ11Γ
lmnd∂jθ+) +
1
32
(θ−Γ11∂kθ+)
(θ−Γ
lmnΓ11∂jθ−)− 1
32
(∂kθ+Γ
dfΓ11θ−)(∂jθ−Γ11ΓdΓ
lmnΓfθ−) +
1
16
(∂jθ−Γ
dfΓ11θ+)
(∂kθ−Γ11ΓdΓ
lmnΓfθ−)− 3
32
(θ−Γ11Γ
l∂kθ−)(θ−Γ11Γ
mn∂jθ+ − 4(θ+Γ11Γmn∂jθ−))−
1
32
((θ−Γ11Γ
dµ∂jθ−)(∂kθ+Γ11Γ
lmnΓdµθ−) + (θ−Γdf∂jθ−)(∂kθ+Γ
dΓlmnΓfθ−) +
(θ−∂jθ−)(∂kθ+Γ
lmnθ−))− 1
16
(θ−Γ
df∂jθ−)(θ+ΓdΓ
lmnΓf∂kθ−)]−
1
96× 4!× 5!ǫdefglmnδ
[abcd]
defg [−5(θ−∂jθ−)(∂kθ+Γ11Γabcdθ−) + 3(∂jθ−Γµθ−)
(θ−Γ11Γ
µabcd∂kθ+) + (∂jθ−Γ11Γ
fθ−)(7(θ−Γ
abcdΓf∂kθ+)− 2(θ+(ΓabcdΓf +
ΓfΓ
abcd)∂kθ−))− (∂kθ+Γfθ−)(θ−ΓabcdΓ11Γf∂jθ− + 6(θ−ΓfΓabcdΓ11∂jθ−))−
8(∂kθ−Γfθ+)(θ−(Γ
abcdΓf + ΓfΓabcd)Γ11∂jθ−) + (θ−Γµf∂jθ+)(∂kθ−Γ11Γ
abcdΓµfθ− +
2(∂kθ−Γ
µfΓabcdΓ11θ−))− (θ−Γ11Γµf∂jθ−)(∂kθ+ΓabcdΓµfθ− + 2(∂kθ+ΓµfΓabcdθ−)) +
(∂jθ−Γ
fΓabcdΓeθ−)(∂kθ+ΓfeΓ11θ− + 2(∂kθ−ΓfeΓ11θ+))− 5(θ−Γabcd∂jθ−)
(θ−Γ11∂kθ+)− (θ−Γef∂kθ−)(θ−ΓeΓabcdΓf∂jθ+ + 2(θ+ΓeΓabcdΓfΓ11∂jθ−)) +
3(∂jθ−Γ
µabcdθ−)(∂kθ+Γ11Γµθ−)] (5.9)
F νabc =
1
288
TNRǫ0jk[(θ−Γ
µ∂jθ−)(3(θ−Γµνabc∂kθ+)− 23(θ−Γabc∂kθ+)ηµν) +
(θ−Γ
d∂jθ+)(5(θ−Γνabcd∂kθ−) + 3(θ−Γνbc∂kθ−)ηad)− 24(θ+Γa∂jθ−)
(θ−Γνbc∂kθ−) + (θ−Γ11Γ
µ∂kθ+)(−3(θ−Γ11Γabc∂jθ−)ηµν + 5(∂jθ−Γ11Γµνabcθ−)) +
(θ−Γ11Γ
d∂jθ−)(θ−Γ11ΓνabcΓd∂kθ+ − 4(θ−ΓdΓνabcΓ11∂kθ+) +
12(θ+ΓνbcΓ11∂kθ−)ηad) + (θ−Γ
µd∂kθ+)(∂jθ−ΓµΓνabcΓdθ− − 4(∂jθ−ΓdΓνabcΓµθ−))−
(θ−Γ
df∂kθ−)(θ−ΓdΓνabcΓf∂jθ+ + 2(θ+ΓdΓνabcΓf∂jθ−)) + (∂kθ−ΓdΓ11ΓνabcΓfθ−)
(3(∂jθ+Γ
dfΓ11θ−) + 2(∂jθ−Γ
dfΓ11θ+)) + 5(∂jθ+Γ11θ−)(∂kθ−Γ11Γνabcθ−) +
3(θ−Γ11Γµd∂jθ−)(∂kθ+Γ
µΓ11ΓνabcΓ
dθ−)− 3(θ−∂jθ−)(∂kθ+Γνabcθ−)] (5.10)
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F νabdf =
1
96
TNRǫ0jk[6(θ−Γ
c∂jθ+)(θ−Γ
νabdfΓc∂kθ+ − θ−ΓcΓνabdf∂kθ+)−
2(θ−Γ11Γµ∂kθ+)(∂jθ+Γ11Γ
µΓνabdfθ− + ∂jθ+Γ11Γ
νabdfΓµθ−)− 2(θ−Γ11Γρσ∂kθ+)
(∂jθ+Γ11Γ
ρΓνabdfΓσθ−) + 2(θ−Γ
c∂jθ+)(∂kθ−Γ
νadfΓcθ+ + ∂kθ−ΓcΓ
νabdfθ+) +
3(θ+Γ
c∂jθ−)(−2(∂kθ+ΓνabdfΓcθ−) + θ−ΓνabdfΓc∂kθ+)− 4(θ−Γ11Γµ∂kθ+)
(∂jθ−Γ11Γ
µΓνabdfθ+) + (θ+Γ11Γµ∂kθ−)(∂jθ+Γ11Γ
µΓνabdfθ− −
2(∂jθ+Γ11Γ
νabdfΓµθ−))− 2(∂jθ−Γµθ−)(∂kθ+ΓµΓνabdfθ+) + 2(∂kθ+Γµcθ−)
(θ+Γ
cΓνabdfΓµ∂jθ−) + 2(θ−Γ
cΓ11∂jθ−)(∂kθ+Γ11Γ
νabdfΓcθ+ −
2(∂kθ+Γ11ΓcΓ
νabdfθ+)) + 2(∂kθ+Γ11θ−)(θ+Γ11Γ
νabdf∂jθ−) + (θ+Γ
µ∂kθ+)
(6(∂jθ−ΓµΓ
νabdfθ−) + 5(∂jθ−Γ
νabdfΓµθ−)) + 7(θ+Γµσ∂kθ+)(∂jθ−Γ
σΓνabdfΓµθ−)−
3(θ+Γµc∂jθ−)(∂kθ+Γ
cΓνabdfΓµθ−)− 4(θ+Γ11∂jθ−)(∂kθ+Γ11Γνabdfθ−) +
(∂kθ+ΓµcΓ11θ+)(∂jθ−Γ
cΓ11Γ
νabdfΓµθ−) + (∂kθ+ΓµΓσθ+)
(∂jθ−Γ
σΓνabdfΓµθ−) + (θ+Γ11ΓσΓµ∂jθ−)(∂kθ+Γ
σΓ11Γ
νabdfΓµθ−)−
(∂kθ+Γ11Γcθ+)(∂jθ−Γ11Γ
cΓνabdfθ−) + 2(θ−Γce∂kθ−)(θ+Γ
cΓνabdfΓe∂jθ+)−
1
4!
ǫcgeabdf δ
[lmn]
cge
TNR
576
[−36(θ−Γl∂jθ+)(∂kθ+ΓνmnΓ11θ−) + 2(θ−Γr∂jθ+)
(∂kθ−Γ11Γ
νlmnΓrθ+ + ∂kθ−Γ11ΓrΓ
νlmnθ+) + 3(θ+Γ
r∂jθ−)
(∂kθ+ΓrΓ
νlmnΓ11θ− + 2(∂kθ+Γ11Γ
νlmnΓrθ−))− 4(θ−Γ11Γµ∂kθ+)
(∂jθ−Γ
µΓνlmnθ+)− (θ+Γ11Γµ∂kθ−)(2(∂jθ+ΓνlmnΓµθ−) + ∂jθ+ΓµΓνlmnθ−) +
2(θ−Γ
µ∂jθ−)(∂kθ+Γ11ΓµΓ
νlmnθ+)− 2(∂kθ+Γrµθ−)(θ+ΓrΓνlmnΓ11Γµ∂jθ−) +
2(θ−Γ
rΓ11∂jθ−)(−2(∂kθ+ΓrΓνlmnθ+) + ∂kθ+ΓνlmnΓrθ+) + 2(∂kθ+Γ11θ−)
(θ+Γ
νlmn∂jθ−) + 6(θ+Γσµ∂kθ+)(∂jθ−Γ
µΓνlmnΓ11Γ
σθ−)− (∂kθ+θ+)
(∂jθ−Γ
νlmnΓ11θ−) + (∂kθ+ΓµrΓ11θ+)(∂jθ−Γ
rΓνlmnΓµθ−) + (∂jθ−Γ11Γµσθ+)
(∂kθ+Γ
µΓνlmnΓσθ−) + 3(∂jθ−Γ11θ+)(∂kθ+Γ
νlmnθ−) + (∂kθ+Γ11Γ
rθ+)
(∂jθ−ΓrΓ
νlmnθ−) + 3(θ+Γrσ∂jθ−)(∂kθ+Γ
rΓνlmnΓ11Γ
σθ−) + (θ+Γ
µ∂kθ+)
(6(∂jθ−ΓµΓ
νlmnΓ11θ−) + 5(∂jθ−Γ
νlmnΓ11Γµθ−)) + 2(θ−Γrs∂kθ−)
(θ+Γ
rΓνlmnΓ11Γ
s∂jθ+)] (5.11)
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F fglmn =
1
96× 5!TNRǫ0jk[3(θ−Γ
µ∂jθ−)(−5(θ−Γµfglmn∂kθ+) +
4(θ+Γµfglmn∂kθ−)) + (θ−Γ
a∂jθ+)(17(θ−ΓfglmnΓa∂kθ−)− 22(θ−ΓaΓfglmn∂kθ−)) +
4(θ+Γ
a∂jθ−)(θ−ΓfglmnΓa∂kθ− − 5(θ−ΓaΓfglmn∂kθ−)) + 9(θ−Γ11Γµ∂kθ+)
(∂jθ−Γ11Γµfglmnθ−) + 12(θ+Γ11Γ
µ∂kθ−)(∂jθ−ΓµfglmnΓ11θ−) + (∂jθ−Γ11Γ
aθ−)
(−4(∂kθ+Γ11ΓfglmnΓaθ−) + 13(∂kθ+Γ11ΓaΓfglmnθ−) + 6(∂kθ−Γ11ΓaΓfglmnθ+) +
2(∂kθ−Γ11ΓfglmnΓaθ+))− (∂kθ−Γ11ΓaΓfglmnΓbθ−)(4(∂jθ−ΓbΓaΓ11θ+) +
3(∂jθ+ΓbΓaΓ11θ−)) + 3(θ−ΓbΓa∂jθ−)(∂kθ+Γ
bΓfglmnΓ
aθ−) + 2(θ−Γ
ab∂kθ−)
(θ−ΓaΓfglmnΓb∂jθ+ + θ+ΓaΓfglmnΓb∂jθ−)− 6(θ−Γ11∂kθ+)(∂jθ−Γ11Γfglmnθ−) +
12(∂jθ−Γ11θ+)(∂kθ−Γ11Γfglmnθ−)− 3(∂kθ+Γ11ΓfglmnΓµaθ−)(θ−Γ11Γµa∂jθ−)−
(θ−Γ
µa∂kθ+)(4(∂jθ−ΓµaΓfglmnθ−)− ∂jθ−ΓfglmnΓµaθ−)− 2(θ+Γµa∂kθ−)
(θ−ΓµaΓfglmn∂jθ− + ∂jΓµaΓfglmnθ−)]−
1
192× 5!ǫ0jkǫdefglmnδ
ba
de[(16(θ+Γc∂jθ−) + 21(θ−Γc∂jθ+))(θ−Γ
abcΓ11∂kθ−) +
8(7(θ+Γ
a∂jθ−) + 3(θ−Γ
a∂jθ+))(θ−Γ
bΓ11∂kθ−)− (θ−Γµ∂jθ−)
(12(θ+Γ
µabΓ11∂kθ−) + 11(θ−Γ11Γ
µab∂kθ+)) + 8(θ−ΓµΓ
bΓ11∂jθ−)(θ+Γ
µa∂kθ− +
θ−Γ
µa∂kθ+) + (∂kθ+Γµcθ−)(∂jθ−Γ
µabcΓ11θ− + 2(θ−Γ
µbΓ11∂jθ−)η
ac) +
(θ−Γ11Γc∂kθ−)(−8(θ+Γabc∂jθ−) + 3(θ−Γabc∂jθ+)) + (θ−Γµab∂jθ−)
(12(θ+Γ11Γµ∂kθ−)− 17(θ−Γ11Γµ∂kθ+))− 4(∂jθ−ΓcdΓ11θ+)(∂kθ−ΓcΓabΓdθ−) +
(∂jθ+ΓcdΓ11θ−)(2(∂kθ−Γ
cdΓabθ−)− 17(θ−∂kθ−)ηacηbd) + (θ−Γcd∂kθ−)
(11(∂jθ+Γ11θ−)η
acηbd + 2(−∂jθ+ΓcdΓabΓ11θ− + θ−ΓcΓabΓdΓ11∂jθ+ −
θ+Γ
cΓabΓdΓ11∂jθ−)) + 3(θ−ΓµcΓ11∂jθ−)(∂kθ+Γ
µabcθ− + 2(∂kθ+Γ
µbθ−)η
ac)] (5.12)
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